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1.2-1

t

x y x2 + y2 = R2

R z 0 xy

t = 0 y z 0 x t y > 0

ω
2π

ω

xy R z > 0

t = 0 x (R, 0, 0) 2π/ω

1.2

1.2

1.

2.

1.2

1

1.3-1

(1.10)

x, y, z t x, y, z t

x y z vx, vy, vz

vx = a vy = 0 vz = b(c− 2t)

1.3-2

x, y

t x, y t θ̇ = ω

vx = −aω sin θ, vy = aω cos θ

a t ωt+ π/4

π/4, π/4+ π/4 = π/2, 3π/4, π, 5π/4 v r = (x, y) v · r =

1: A E

1.3-3

P P θ

P (x, y) θ θ
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(x, y) Q
−→
QP A =

−→
QP

x = R cos θ+Ax, y = R sin θ+Ay PQ RQ RQ

Rθ
−→
QP x θ − π

2
A = (Rθ sin θ,−Rθ cos θ)

x = R(cos θ + θ sin θ), y = R(sin θ − θ cos θ)

vx, vy

vx = ẋ = R(−θ̇ sin θ + θ̇ sin θ + θθ̇ cos θ) = Rθθ̇ cos θ,

vy = ẏ = R(θ̇ cos θ − θ̇ cos θ + θθ̇ sin θ) = Rθθ̇ sin θ,

v ·A (x, y) (vx, vy)

vxAx + vyAy = 0

v A v QP

P

−→
QP

Q x y 2

P

2 3

1.5-1

(x, y) vx, vy x, y

(1.46) vr, vφ

ϕ vr, vφ (1.49) r, ϕ

ṙ, ϕ̇ ṙ, ϕ̇

ϕ r

vx = −V, vy = 0

(1.46)

vr = −V cosϕ, vϕ = V sinϕ. (1)

(1.49)

ṙ = vr, ϕ̇ =
vϕ
r

3

(1) r ϕ

y a

y = r sinϕ = a ⇒ r =
a

sinϕ
.

ṙ = −V cosϕ, ϕ̇ =
V

a
sin2 ϕ.

(x, y)

vr, vφ (1.44)

(1.46) vx vy

(x, y)

ϕ = π/2 y |ṙ| ṙ = 0

ϕ̇ ϕ̇ = V/a

2
2.2-1

0 < t < t1 t1 < t

ẍ = a ẍ = b ma

mb 0 < t < 1s 5× 10−2N 1s< t 1.0× 10−1N

x(t) v(t) F (t)

t = t1

0

x −m(b− a) 5× 10−2N

s

2: 2.2-1

( 2 2.2
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5 2

t = t1 A B A B

B A A 0

2.2-2

(1) R

mg = R sin θ F = R cos θ

3: 2.2-2

(2) ω F = −mω2a

ω =
√
g/a tan θ

(3) a h ω =
√
g/h/ tan θ

h h

(1) F

R θ a F

(2) F

ω2a

h

1/2

2

2

5

2.3-1

(2.30)

2.11

2.11 x y 2.3-1

y = − g

2(v0 cos θ)2

(
x− v20 sin θ cos θ

g

)2

+
(v0 sin θ)

2

2g

(0, 0)

y = − gx

2(v0 cos θ)2

(
x− 2v20 sin θ cos θ

g

)
. (2)

y = −x tanα (3)

x

− gx

2(v0 cos θ)2

(
x− 2v20 sin θ cos θ

g

)
= −x tanα

x x �= 0

x− 2v20 sin θ cos θ

g
=

2(v0 cos θ)
2

g
tanα

⇒ x =
2v20 sin(θ + α) cos θ

g cosα

y x (3)

�

� =
√
x2 + y2 = x

√
1 + tan2 α =

x

cosα
=

2v20 sin(θ + α) cos θ

g cos2 α

θ

2 cos θ sin(θ + α) = 2 cos θ(sin θ cosα+ cos θ sinα) = sin 2θ cosα+ (cos 2θ + 1) sinα

= sin(2θ + α) + sinα

2θ + α = π/2

θ =
π

4
− α

2
�

2.3-1

α = 0

2.3-1
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2.3-1 α 45◦

v cos θ 2v sin θ/g

cos θ sin θ θ = π/4

2.4-1

m

k � k = mg/�

2.4-1 a

v

v = a
√

k/m k

v = a

√
g

�

a = 3.0 cm g = 980 cm/s2 � = 2.0 cm v = 66 cm/s

2.4-1

2.6-1

T

x Fx = −T cos θ x

−T cos θ = mẍ ⇒ T = − mẍ

cos θ
(4)

ẍ 2.6-1 ẋ = −�θ̇ sin θ �θ̇ = v0

7

ẋ = −v0 sin θ ⇒ ẍ = −v0θ̇ cos θ

(4) T = mv0θ̇ �θ̇ = v0

T =
mv20
�

� (2.53) (2.54)

2.6-1

3

3.2-1

(3.7)

x∗ = 0

U(x) = −
∫ x

0
F (x′) dx′ =

∫ x

0

mgR2

(R+ x′)2
dx′ =

[
−mgR2

R+ x′

]x
0

= mgR2

(
1

R
− 1

R+ x

)
=

mgRx

R+ x
.

3.3-1

h mgh

�

mgh =
1

2
k�2 −mg�

�

� =
mg

k
±
√(mg

k

)2
+

2mgh

k
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� > 0 +

� =
mg

k

(
1 +

√
1 +

2kh

mg

)
.

3.3-2

x U(x)

3.2-1 U(x) = mgRx/(R+x)
1

2
v20 + U(0) =

1

2
mẋ2 + U(x)

U(x)

ẋ2 = v20 −
2gRx

R+ x
. (5)

(a) (5) x x → ∞ v20 − 2gR

v20 > 2gR ẋ2 > 0 ẋ > 0

vc =
√
2gR =

√
2× (9.80m/s2)× (6.37× 106m/s) = 11.2 km/s

(b) x = h ẋ = 0 (5)

v20 =
2gRh

R+ h
⇒ h =

Rv20
2gR− v20

. (6)

(c) (6) (5) v0 h

dx

dt
=

√
2gR2(h− x)

(R+ h)(R+ x)
⇒

√
2gR2

R+ h
=

√
R+ x

h− x

dx

dt

t = 0 t = T√
2gR2

R+ h
T =

∫ h

0

√
R+ x

h− x
dx. (7)

y =

√
h− x

R+ x
dy

dx
= − R+ h

2(R+ x)2

√
R+ x

h− x
, R+ x =

R+ h

1 + y2

(7)∫ h

0

√
R+ x

h− x
dx = 2(R+ h)

∫ √
h/R

0

dy

(1 + y2)2

∫
dy

(1 + y2)2
=

∫ [
1

1 + y2
− y2

(1 + y2)2

]
dy = arctan y −

{
−y · 1

2(1 + y2)
+

∫
dy

2(1 + y2)

}

=
y

2(1 + y2)
+

1

2
arctan y

(7)

9

∫ h

0

√
R+ x

h− x
dx = 2(R+ h)

[ √
Rh

2(R+ h)
+

1

2
arctan

√
h

R

]

(7)

T =

√
R+ h

2g

[√
h

R
+

(
1 +

h

R

)
arctan

√
h

R

]
. (8)

(d) (6) (8) g = 9.80m/s2 R = 6.37 × 103 km h = 400 km

v0 = 2.7 km/s T = 300.6 s = 5min h = 3.58 × 104 km

v0 = 10.3 km/s T = 1.485× 104 s = 4.1 h

3.6-1

3.11

a a + da

4πa2da Mshell(a, da) Mshell(a, da) = 4πa2ρ(a)da

(3.43) m

r Ushell(r : a, da) (3.43)

Ushell(r : a, da) = −GMshell(a, da)m/r

U(r)

U(r) = (Ushell(r : a, da) ) = −
∫ R

0

G× (4πa2ρ(a)da)m
r

a M =
∫ R
0 ρ(a)× 4πa2da U(r) = −GMm

r

3.6 (3.41)

3.6-2

F M

m G R F = GMm/R2

g = GM/R2 g = 9.82m/s2

10



3.6-3

m (3.42)

x R

x r = |x| x

F (3.42) r < R

F = −GMm

R3
x

F x

mẍ = −GMm

R3
x, ẍ = ω2x

ω ω2 = GM/R3

T = 2π/ω

g g = GM/R2

T = 2π
√
R/g R = 6.37× 106m g = 9.8m/s2

42

3.6-4

(a) m r v0

v0
2/r r

GMm/r2

GMm

r2
=

mv0
2

r
r = R+ h

v0 =

√
GM

R+ h

(b) v0 r T = 2πr/v0

r = R+ h

T =
2π(R+ h)3/2√

GM
3.6-2 R,M,G h 92min

(c) H T R h

H R+H = (T
√
GM/2π)2/3

H = (GM)1/3
(

T

2π

)2/3

−R

T 3.6-2 R,M,G H = 3.579× 104 km

3.7-1

ϕ �ϕ̇ E

E =
1

2
m(�ϕ̇)2 +mg�(1− cosϕ)

ϕ = 0 �ϕ̇ = v0 E = 1
2mv20

11

ϕ̇2 =
g

�

(
v20
g�

+ 2 cosϕ− 2

)
. (9)

T

m�ϕ̇2 = T −mg cosϕ

ϕ̇

T = mg

(
v20
g�

+ 3 cosϕ− 2

)
. (10)

(9) ϕ

v20
g�

≥ 2(1− cosϕ) (11)

T ≥ 0 (10)

v20
g�

≥ 2− 3 cosϕ (12)

(11) a (12) b

v20/g� ≤ 2 (11) ϕ i

(12) −ϕmax ≤ ϕ ≤ ϕmax

v20/g� > 5 ϕ (11) (12)

iii ϕ̇ > 0

2 < v20/g� < 5 (11) ϕ ii

(12) (12) ϕ T = 0

v0√
2g� < v0 <

√
5g�

ϕ0

v20
g�

= 2− 3 cosϕ0 ⇒ cosϕ0 =
2

3
− v20

3g�

12



3.7-2

(a) x > 0 U(x) = mgx sinα x ≤ 0

U(x) = mgx sinα+ 1
2kx

2 U(x)

(b) x = −a ẋ = 0

E = U(−a) =
1

2
ka2 −mga sinα. (13)

E =
1

2
mẋ2 + U(x)

E ≥ U(x) U(x) E ≤ 0

x ≤ 0

E > 0 x > 0 (13)

E = 0 a
1

2
ka2 −mga sinα ⇒ a =

2mg

k
sinα

a0 = (2mg/k) sinα

(c) a0 mg sinα = ka0/2 (13) E = ka(a− a0)/2

a > a0 b ẋ = 0

1

2
ka(a− a0) = U(b)

b > 0 U(b) = mgb sinα = ka0b/2

b = a

(
a

a0
− 1

)
.

4

4.1-1

x y (4.12)

(4.13)

(4.12) y dy/dt = 0 t y

t

t =
1

α
ln

(
1 +

αv0
g

sin θ

)

13

t (4.12) y ymax

ymax =
v0
α

sin θ − g

α2
ln

(
1 +

αv0
g

sin θ

)
.

y y

t (4.13)

x, y

4.1-2

(4.13) α = 0 γ = 0

α α → 0

α

ε = 0

ln(1− ε) = −ε− 1

2
ε2 − 1

3
ε3 + . . .

(4.13) vt = g/α(
tan θ +

g

αv0 cos θ

)
x+

g

α2

[
−α

x

v0 cos θ
− α2

2

(
x

v0 cos θ

)2

− α3

3

(
x

v0 cos θ

)3

+ . . .

]

x tan θ − g

2

(
x

v0 cos θ

)2

− αg

3

(
x

v0 cos θ

)3

+ (α 2 )

3 α → 0 0 2

2 cos2 θ = 2 cos θ sin θ/ tan θ = sin 2θ/ tan θ (4.13)

y = tan θ

(
1− g

v20 sin 2θ
x

)
x.

α = 0 (2.30)

x0 = 0, y0 = 0 (4.13) α = 0

α = 0

α (4,13) α = 0 (2.30)

Y

(4.1) α

14



4.1-3

ρ a m = (4π/3)ρa3 η

(4.11) (4.14) γ

vt =
mg

γ
=

2ρga2

9η

g = 9.8m/s2 ρ a η

(a) 1.2 cm/s

(b) 0.69mm/s

γ

(4.14)

4.2-1

x v = ẋ

x −mg sinα mg cosα

mg cosα x

μ′

mẍ = −mg sinα−mgμ′ cosα

v̇ = −g(sinα+ μ′ cosα)

v v = 0

(i) α

(ii) α

v̇ = g(− sinα+ μ′ cosα)

α μ < tanα μ′ < μ μ′ < tanα

15

4.2-2

x = 0 t = 0

t ≥ 0

mv̇ = −mgμ′

t = 0 v = v0

v = v0 − gμ′t

t0 0

t0 =
v0
gμ′

t = 0 t = t0

� =

∫ t0

0
v(t) dt =

∫ t0

0
(v0 − gμ′t) dt = v0t0 − 1

2
gμ′t20.

t0

� =
v20
2gμ′ .

v0
gμ′

v20
2gμ′

0

0 ≤ t ≤ t0

4.2-3

(4.2-2)

p0 = mv0 p = 0 (2.21)

F = −μ′mg t

Ft = −μ′mgt (2.21)

0−mv0 = −μ′mgt ⇒ t =
v0
gμ′ .

mv0
2/2

−mv0
2/2 (3.5) F = −μ′mg

� F� = −μ′mg�

(3.5)

−mv0
2/2 = −μ′mg� ⇒ � =

v0
2

2gμ′ .

16



(2.21)

4.2-4

4.2-2 4.2-3

v0
2/2gμ′ v0 = 40 km/h = (40000/3600)m/s g = 9.8m/s2

μ′ = 0.8 7.9m

4.2-2, 3

10m

order of magnitude

4.2-5

F = mg |2μ′ − μ| Fm = mgμ (i) 2μ′ − μ > 0

F = mg(2μ′ − μ) F − Fm = 2mg(μ′ − μ) μ′ < μ F < Fm

(ii) 2μ′ − μ < 0 F = mg(μ − 2μ′) F − Fm = −2mgμ′ < 0

2μ′ − μ F < Fm

4.3-1

(4.37) �
1

2
k�2 − 1

2
mv20 = −μ′mg� (14)

�

� =
mgμ′

k

⎡
⎣
√

1 +
k

m

(
v0
gμ′

)2

− 1

⎤
⎦ . (15)

k = 0

4.2-3

(14) k = 0 � = v0
2/2gμ′

(15) k = 0 k → 0

17

μ′ = 0 (15)

μ′ = 0

(14) μ′ = 0

� = v0
√
m/k (15) μ′ → 0

4.1-2

0

5

5.1-1

x xE xM

xE = 0 xM = 3.844 × 105 km mE

mM mM = 0.0123mE

�

� =
mExE +mMxM

mE +mM

� = 4.671× 103 km.

0.73

5.2-1

(a) �0 (b) m

�1 a

(c)

(d) x

(b) mg = k(�0 − �1)

�1 = �0 − mg

k
⇒ (b) = −mg

k
, x = 0.

(c) a

(c) = −a− mg

k
, x = −a.

(d)

mg k(x+ �1 − �0) R �1

k(x −mg/k) R

18



R = mg − k(x−mg) R x 0

x > 2mg/k.

x = 2mg/k x

(d) =
mg

k
, x =

2mg

k
.

(c)

(d) x = 2mg/k v

1

2
k
(
a+

mg

k

)2 −mga =
1

2
mv2 +

1

2
k
(mg

k

)2
+mg × 2mg

k
.

1

2
ka2 =

1

2
mv2 +

2(mg)2

k
.

v a a > 2mg/k

a

2

5.3-1

5.10

�0 (a) (b)

a

(c)

2 (b) (c)

E

P P

(b) −a E = ka2/2, P = 0

(c) V, v E = MV 2/2 +mv2/2, P = −MV +mv

19

1

2
ka2 =

1

2
MV 2 +

1

2
mv2

0 = −MV +mv

v

V = a

√
mk

M(m+M)
.

2

MV = mv

5.3-2(a)

a

(x0, y0)

t = 0

t = t1

0 < t < t1

(x, y)

(X, 0) V

v

V = −Ẋ, v = (ẋ, ẏ).

2 E t = 0

−a 0

E =
1

2
ka2.

t = t1 0 mg(y−y0)

E =
1

2
m(vx

2 + vy
2) +

1

2
MV 2 +mga sinα

y − y0 = a sinα �0 y0 = (�0 − a) sinα

y = �0 sinα

t = 0 t = t1

x 0

MV = mvx.

0 � t � t1

y/(x−X) = tanα ( )

20



vy = (vx + V ) tanα.

vx, vy V

1

2
m(vx

2 + vy
2) +

1

2
MV 2 +mga sinα =

1

2
ka2

vx, vy

m

(
M

m
V

)2

+
(M +m)2

m
V 2 tan2 α+MV 2 = ka2 − 2mga sinα

=
V 2

m

(
M2 + (M +m)2 tan2 α+mM

)
=

V 2

m
(M + (M +m) tan2 α)(M +m)

=
V 2

m cos2 α
(M +m sin2 α)(M +m)

V

V = cosα

√
m(ka2 − 2mga sinα)

(M +m sin2 α)(M +m)
.

v

vx =
M

m
V, vy =

M +m

m
tanα V.

5.3-1 2

α = 0

5.3-2(b)

2.3-1

l = v0
2 sin 2θ/g

(vx, vy) vx = v0 cos θ, vy = v0 sin θ

l = 2vxvy/g

5.3-2(a) vx, vy, V l

l =
M sin 2α (ka2 − 2mga sinα)

m(M +m sin2 α)g
.

21

5.3-3

(a) mg

R

(b) x y

(vx, vy) V

x Px = mvx −MV t = 0

Px = 0 Px mvx −MV = 0,

mvx = MV (16)

(c) (v′x, v′y)
v′y/v′x = − tanα (b)

vx v′x vx = v′x − V vy = v′y

vy
vx + V

= − tanα. (17)

E E

t = 0 E = mgh vx, vy, V

E = MV 2/2 +mvx
2/2 +mvy

2/2
1

2
MV 2 +

1

2
mvx

2 +
1

2
mvy

2 = mgh (18)

V, vx, vy (17)

vy = − tanα V
(vx
V

+ 1
)
,

(16)

vx =
M

m
V ⇒ vy = − tanα V

(
M

m
+ 1

)
(19)

(18) V

MV 2 +
M2

m
V 2 +

sin2 α

cos2 α
m

(
M

m
+ 1

)2

V 2 = 2mgh

=
(M +m)(M cos2 α+ (M +m) sin2 α)

m cos2 α
V 2

=
(M +m)(M +m sin2 α)

m cos2 α
V 2

V

V =
√

2gh
m cosα√

(M +m)(M +m sin2 α)
.

22



V

(19)

vx =
√

2gh
M cosα√

(M +m)(M +m sin2 α)
, vy = −

√
2gh sinα

√
M +m

M +m sin2 α
.

M → ∞ V → 0

(vx, vy) h
√
2gh(cosα,− sinα)

5.3-4

2 1

x m,M, v V 2

x x P

( v 0 V

P = mv

P = (M +m)V

mv = (M +m)V

V =
m

M +m
v.

5.4-1

2 x 1

v1, v2,m1,m2, k

(a) x1, x2 X V

v1, v2, V v1 > v2 (a)

1 2 x = x2 − x1 (b) 1

2 v = v2− v1 v < 0

2

E E

�0 M m

M = m1 +m2, m =
m1m2

m1 +m2

V v x

�0 < x E =
1

2
MV 2 +

1

2
mv2,

0 < x < �0 E =
1

2
MV 2 +

1

2
mv2 +

1

2
k(x− �0)

2.

E x

v = v2 − v1 v = 0 V

23

m m1,m2

1

2

m1m2

m1 +m2
(v1 − v2)

2 =
1

2
k(x− �0)

2

|x− �0| v1 > v2

(v1 − v2)

√
m1m2

k(m1 +m2)

2

2

(1)

(2)

A

6

6.2-1

(a) (Fx, Fy) (x, y) O N N = xFy − yFx

Fx = mg, Fy = 0 x = � cosϕ, y = � sinϕ

0

N = −mg� sinϕ

(b) (6.43) N L ϕ

L ϕ, ϕ̇ ϕ

6.2-1 L = m�2ϕ̇ (a) N (6.43)
d

dt
m�2ϕ̇ = −mg� sinϕ

m�2ϕ̈ = −mg� sinϕ ⇒ ϕ̈ = −g

�
sinϕ,

(2.51)

(a)

(6.38) (6.40)

24



6.2-2

x = a cosωt, y = b sinωt ⇒ ẋ = −aω sinωt, ẏ = bω cosωt

L = m(xẏ − yẋ)

L = mabω cos2 ωt− (−mabω) sin2 ωt ⇒ L = mabω

T mabω

O (x0, y0)

t

(6,88) (6.99)

6.2-3

xy (x, y) (mvx,mvy) L = m(xvy−yvx)

x = a, vy = v, vx = 0

L = mav

6.2-4

xy (x, y) (mvx,mvy) L = m(xvy−yvx)

t = 0 (0, 0) (v0 cos θ, v0 sin θ)

x = v0t cos θ, y = v0t sin θ − 1

2
gt2, vx = v0 cos θ, vy = v0 sin θ − gt

L

xvy = v0
2t sin θ cos θ − v0gt

2 cos θ,

yvx = v0
2t sin θ cos θ − 1

2
v0gt

2 cos θ, ⇒ L = −1

2
mv0gt

2 cos θ

(x, y) (Fx, Fy) N = xFy − yFx

Fx = 0, Fy = −mg (x, y) F N

xFy = −mv0gt cos θ,

yFx = 0 ⇒ N = −mv0gt cos θ

L t N L̇ = N

25

0

6.2-5

2 (r, ϕ) t � 0 r0 ω0

t � 0 (r, ϕ) = (r0, ω0t).

O

O

O 0 L

(r, ϕ)

L = mr2ϕ̇ (20)

t � 0 r = r0, ϕ̇ = ω0

t � 0 L = mr0
2ω0 (21)

(20) t = 0 (21)

ϕ̇ ϕ̇ = r0
2ω0/r

2 ϕ̇ ω ω r

0 � t � T ω = r0
2ω0/r

2 (22)

t � T r

r = r0/2 ω

t � T ω = 4ω0

0 � t � T r = r0(1− t/2T )

(22)

0 � t � T ω =
ω0

(1− t/2T )2
.

6.3-1

3 (6.48) (x, y, z)

(mvx,mvy,mvz) Lx = m(yvz − zvy), Ly = m(zvx−xvz), Lz = m(xvy −yvx)

a, ω, c

x = a cosωt, y = a sinωt, z = c

26



vx = −aω sinωt, vy = aω cosωt, vz = 0

L

yvz − zvy = 0− acω cosωt, zvx − xvz = −acω sinωt, xvy − yvx = a2ω cos2 ωt− (−a2ω sin2 ωt)

O

L = (−macω cosωt,−macω sinωt,ma2ω).

z x y

(0, 0, c) z

z − c

L = (0, 0, a2ω)

0

(0, 0, c) 0

6.3-2

m z

k −mgk

r T −Tr/|r|
O L N

L̇ = N , N = r × (−mgk) + r ×
(
−T

r

|r|
)
,

1 2 1

2 k 2 r 2

0 z 0 Lz

z

3

6.4-1

2 X Y X · Y X × Y

A,B,C B×C A · (B×C)

A · (B × C) = Ax(ByCz −BzCy) +Ay(BzCx −BxCz) +Az(BxCy −ByCx), (23)

27

B · (C ×A) = Bx(CyAz − CzAy) +By(CzAx − CxAz) +Bz(CxAy − CyAx), (24)

(23) Bx Ay(−BxCz) +Az(BxCy) (24)

Bx(CyAz − CzAy) (23) By Bz

(24) 2 By(CzAx − CxAz) 3

Bz(CxAy − CyAx) (23) (24)

A · (B × C) = B · (C ×A)

B · (C ×A) = C · (A×B)

6.5-1

qi = ri −R pi = mṙi (6.69)

(6.69) =
∑
i

(ri −R)×miṙi =
∑
i

miri × ṙi −R× (MṘ)

∑
imiri = MR

∑
R×midri/dt = R×d (

∑
miri) /dt =

R×MdR/dt

qi (6.70)

(6.70) =
∑
i

(ri −R)×mi(ṙi − Ṙ)

=
∑
i

mi(ri −R)× ṙi −
∑
i

mi(ri −R)× Ṙ

=
∑
i

miri × ṙi −R×
∑
i

miṙi −
∑
i

miri × Ṙ+R× (MṘ)

∑
imi = M 2 3 −R× (MṘ)

4 (6.69)

(6.69) (6.70)

L0 2

(6.69) L0 =
∑
i

qi × pi

(6.70) L0 =
∑
i

qi ×miq̇i

(6.69) (6.70 0

(6.69) − (6.70) =
∑
i

qi × (pi −mi(ṙi − Ṙ)) =
∑
i

qi ×miṘ = 0

pi = miṙi
∑

i qi × miṘ Ṙ i

qi
∑

imiqi =
∑

miri −
∑

miR = 0

28



6.5-2

(6.71)

i ri mi qi

R M P L

qi

L =
∑
i

ri × pi, ri = R+ qi

L

=
∑
i

(R+ qi)× pi = R×
∑
i

pi +
∑
i

qi × pi.

1 P P =
∑

i pi R× P 2 L0 (6.69) L0

L = R× P +L0.

(6.71)

N =
∑
i

ri × Fi

ri

=
∑
i

(R+ qi)× Fi = R×
∑
i

Fi +
∑
i

qi × Fi

F P = MṘ N0

N = R× F +N0

(6.71) 2

(6.72) (6.66)
dL

dt
= N

L N
d

dt
(R× P ) +

dL0

dt
= R× F +N0

1

1 = Ṙ× P +R× Ṗ = 0 +R× F

P P = MṘ 0

1 1
dL0

dt
= N0.

(6.72)

L0 (6.69) (6.70)

L =
∑
i

ri × pi, ri = R+ qi, pi = mi(Ṙ+ q̇i)

2 1

=
∑
i

(R+ qi)× pi = R×
∑
i

pi +
∑
i

qi ×miṘ+
∑
i

qi ×miq̇i.

1 P =
∑

i pi 2 = (
∑

imiqi)×R qi
∑

imqi = 0 0

3 (6.70) L0

29

6.5-3

qi

qi = ri −R

(6.74) =
N∑
i

((ri −R)×mig) =

(
N∑
i

(ri −R)mi

)
× g

R =
∑

imiqi/
∑

imi
N∑
i

(ri −R)mi =

N∑
i

miri −
N∑
i

miR = 0

0

6.5-4

1 2 (x1, y1), (x2, y2)

v1 = (vx1, vy1), v2 = (vx2, vy2)

2 P

M

m P

MV

P = mv1 +mv2, P = 2mV

t = 0 v1 = (0, v0), v2 = (0, 0)

P

t = 0 P = (0,mv0)

t > 0 P = (0,mv0)

P P V

t > 0 V =
P

2m
= (0,

1

2
v0) V =

1

2
v0

V t > 0 y

t > 0 1

2

t = 0 (x1, y1) = (2l, 0), (x2, y2) = (0, 0)

t = 0 (X,Y ) = (l, 0)

30



t > 0 (X,Y ) = (l,
v0t

2
)

L0

L0 = m
2∑

i=1

((xi −X)vyi − (yi − Y )vxi)

L0 (x1, y1), (x2, y2), v1, v2

t = 0 L0 = mlv0

t > 0 L0 = mlv0

L0 2 m l

ω

L0 = 2ml2ω

L0 2

ω =
v0
2l
.

L0 L

L = XPy − Y Px + L0 L0

(6.71)

t = 0

t > 0 l

v0/2 ω = v0/2l

ω

6.5

6.6-1

(6.102) T a M

T 2

a3
=

4π2

GM
G

T = 365.256 a = 1.496× 1011m (3.39) (6.67)

G = 6.674 × 10−11 m3 kg−1 s−2 M

1 = 24× 60× 60s (6.102)

M =
4π2a3

GT 2

4 M = 1.989× 1030kg

31

6.6-2

xy x

2a 2b a > b

x2

a2
+

y2

b2
= 1

F,F′ (
√
a2 − b2, 0) (−√

a2 − b2, 0)

2a

(a)

F

rmax + rmin 2a

a =
rmax + rmin

2
(a, 0) (

√
a2 − b2, 0) rmin = a−√

a2 − b2

(−a, 0) (
√
a2 − b2, 0) rmax =

√
a2 − b2 − (−a)

rmaxrmin = a2 − (
√
a2 − b2)2

b =
√
rmaxrmin

(b)

2

F r ϕ

r2ϕ̇ (6.75)

h

r2ϕ̇ = 2h

r = rmin vmax v r

v ϕ̇ = v/r

rmin
2 vmax

rmin
= 2h, ⇒ rminvmax = 2h.

r = rmax vmin v r

ϕ̇ = v/r

rmax
2 vmin

rmax
= 2h, ⇒ rmaxvmin = 2h.

T πab

T =
πab

h
h 2

vmax =
2πab

Trmin
, vmin =

2πab

Trmax

a, (a)

vmax =
π(rmax + rmin)

T

√
rmax

rmin
, vmin =

π(rmax + rmin)

T

√
rmin

rmax

32



6.6-3

p.108 2

2

p.108

p.110 2

(6.84) M1 m2

(6/85) (6.102) M = M1 +m2 m = M1m2/(M1 +m2)

T (6.102)

T 2

a3
=

4π2

G(M1 +m2)
⇒ M1 +m2 =

4π2a3

GT 2
.

a G (3.39) (6.77)

G = 6.674× 10−11 m3 kg−1 s−2 a = 19, 640 km

T = 6.3872 day 1.471× 1022 kg

p.108 110

M 2 6.102

p.50 3.6-2

5.9725× 1024 kg

( ) = 0.00246× ( )

a = 19, 640km

6.6-4

aE aM

aR 2aR = aE + aM

aM = 1.52aE ⇒ aR = 1.26aE.

(a)

TR TE = 365

3

T 2
R

aR3
=

T 2
E

aE3

TR = TE

√
aR3

aE3

33

1.26 516

258

b

6.6-2

rmin = aE, rmax = aM, vmax = vR

6.6-2 b

vR =
π(aE + aM)

TR

√
aM
aE

vE =
2πaE
TE

3 TE/TR

vR
vE

=
TE

TR

aE + aM
2aE

√
aM
aE

⇒ vR
vE

=

√
aE3

aR3

aE + aM
2aE

√
aM
aE

⇒ vR
vE

=

√
2aM

aE + aM
.

vR/vE = 1.10

|vR − vE| = 0.10vE

(c)

m M

r v
1

2
mv2 − GMm

r
=

r = aE r = aM

0 vR

1

2
vR

2 − GM

aE
= 0− GM

aM
⇒ vR =

√
2
GM(aM − aE)

aEaM

m
vE

2

aE
=

GMm

aE2
⇒ vE =

√
GM

aE

vR
vE

=

√
2(aM − aE)

aM

vR/vE = 0.827

vE (b)

vR vE v

v =
√

vR2 + vE2 = 1.3 vE.

(b) 13

(d)

3.3-2

(c)

r v

34



v r

1

2
v2 − GM

r
= −GM

aM
⇒ v =

√
2
GM(aM − r)

raM√
GM (c) vE aE vE (b)

aE TE

v =
2πaE
TE

√
2
(aM

r
− 1
)√ aE

aM
.

1 v r r = ∗ r

t =

∫ r

∗
dr

v(r)

r = aE r = aM ( t = TER

TER =
1

2π
√
2

√
aM
aE3

∫ aM

aE

√
r

aM − r
dr TE

r ∫ √
x

1− x
dx = arcsin

√
x−

√
x(1− x)

TER =
1

2π
√
2

√
aM3

aE3

(
π

2
− arcsin

√
aE
aM

+

√
aE
aM

(
1− aE

aM

) )
TE.

TER

85

√
x/(1− x) x 1−x

x = sin2 θ tan θ dx = 2 sin θ cos θdθ∫
2 sin2 θdθ 3.3-2

x x = r−R r

35

7

7.1-1

R S S = πR2

S H V V = HS/3

πHR2/3 ρ M

M =
1

3
πHR2ρ

π(zR/H)2

z + dz

dz 2

dV dM

dV = π
( z

H
R
)2

dz, dM = π
( z

H
R
)2

ρdz

dz (0, 0, z)

(0, 0, C) C

C =
1

M

∫ H

0
zπ
( z

H
R
)2

ρdz ⇒ C =
1

M

1

4
πRH2ρ.

z M C = 3H/4

3H/4

(7.4)

V

M = ρV = ρ

∫
dxdydz = ρ

∫ H

0
dz

∫ zR/H

−zR/H
dx

∫ √
(zR/H)2−x2

−
√

(zR/H)2−x2

dy

M = ρ

∫ H

0
dz

∫ zR/H

−zR/H
2

√( z

H
R
)2 − x2 dx = ρ

∫ H

0
π
( z

H
R
)2

dz =
π

3
HR2ρ

.

C =
1

M
ρ

∫
z dxdydz =

ρ

M

∫ H

0
zdz

∫ zR/H

−zR/H
2

√( z

H
R
)2 − x2 dx

=
ρ

M

∫ H

0
zπ
( z

H
R
)2

dz =
ρ

M

R2

4
H2ρ =

3

4
H

M

7.1-2

[1]

(1) C

(2)

) C

2) C Mg
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3) T

(3) C O C,O

0 C O −RT

[2]

(1)

1) C Mg

2) T

(2) C O C,O 0

C O −RT

7.2-1

(1) C I D E C

ID, IE C

D I0 D

M C D R

ID = I0 +MR2

IE

I = 2I0 + 2MR2.

(2) D E

C

(7.26) L0 = 0 R

ω M MR2ω 2

L

L = 2MR2ω

7.3-1

p.122 (7.37) (7.15) I0z = MR2/2

Iz =
1

2
MR2 +M�2

p.127 7.12 G h �

ϕ ϕ −Mg� sinϕ

Iz
d2ϕ

dt2
= −Mg� sinϕ ⇒ Iz

d2ϕ

dt2
= −Mg�ϕ ⇒ d2ϕ

dt2
= −Mg�

Iz
ϕ

sinϕ ϕ

2.6 (2.45)

T = 2π

√
Iz

Mg�
⇒ T = 2π

√
R2 + 2�2

2g�

Iz R �

37

T = 2π

√
R

g

(
R

2�
+

�

R

)
.

R

� 2π
√

R/g T

T 0

� � = R/
√
2

2π
√√

2R/g � = R

T = 2π
√

3R/2g

2π
√

R/g

� → 0 T → ∞
� = R T

7.3-2

(a) m ( R C1

2R C2

M

y

y A

( P Q

(b) (c) t = 0 P A Q x

O

0

(b) (c)

ϕ C1

⇒ −→
AO

−→
AP

θ

⇒ −→
OQ x

C1 0 � ϕ � 2π, θ � 0

m M

0

38



0

P

P (c) OA = R
−→
OA = (R cos θ,−R sin θ),

(b) A x �
−→
AP ϕ− θ

−→
AP = (−R cos (ϕ− θ),−R sin (ϕ− θ))

r =
−→
OP v = ṙ

r = R (cos θ − cos (ϕ− θ), − sin θ − sin (ϕ− θ)) ,

v = R
(
−θ̇ sin θ + (ϕ̇− θ̇) sin (ϕ− θ), −θ̇ cos θ − (ϕ̇− θ̇) cos (ϕ− θ)

)
.

LP = r ×mv z

LP

LP = mR2(ϕ̇− 2θ̇)(1− cosϕ).

z LC θ̇ > 0

LC = −Iθ̇, I = 2MR2.

0

LP + LC = 0, ⇒ mR2(ϕ̇− 2θ̇)(1− cosϕ)− 2MR2θ̇ = 0

θ̇

θ̇ =
1

2

mϕ̇(1− cosϕ)

M +m(1− cosϕ)
.

t ϕ t = 0 ϕ = 0 t = t0 ϕ = 2π

θ Δθ

Δθ =
1

2

∫ t0

0

m(1− cosϕ)

M +m(1− cosϕ)

dϕ

dt
dt ⇒ Δθ =

1

2

∫ 2π

0

m(1− cosϕ)

M +m(1− cosϕ)
dϕ∫ 2π

0 1/(a− cosϕ)dϕ = 2π/
√
a2 − 1

=
1

2

∫ 2π

0

(
1− M

M +m(1− cosϕ)

)
dϕ = π − M

2m

∫ 2π

0

1

(M/m+ 1)− cosϕ
dϕ

= π − M

m

π√
(M/m)2 + 2M/m

= π

(
1− 1√

1 + 2m/M

)
.

Δθ

Δθ = π

(
1−

√
M

M + 2m

)
.

7.4-1

7.4-2

I

M R α

7.21(a) V ω

7.21(b)

F Fn Mg sinα

MV̇ = Mg sinα− F (25)

Fn Mg cosα

39

ω =
V

R
(26)

7.21(b)

FR

Iω̇ = FR. (27)

(26) (27) F (25)

V̇ =
MgR

I +MR2
sinα. (28)

M R I

A B C

(7.46),(7.45),(7.44) IC < IB < IA tC < tB < tA

7.4-2

(a) t = 0

G ω v

C

C C

0 C

θ

v

ω

ω = v/R

θ C G

θ = θ0

sin θ0 =
R− h

R
(29)

θ

I0 (7.46) I0 = MR2/2

C I I

I = I0 +MR2, ⇒ I =
3

2
MR2. (30)
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LC
− L0 C

LG

L0 = I0ω, LG = Mv(R− h)

ω

LC
− =

1

2
MR2 v

R
+Mv(R− h) =

1

2
M(3R− 2h)v (31)

θ̇ θ̇0 C LC
+

(30)

LC
+ = Iθ̇0

(31)

θ̇0 =
3R− 2h

3R2
v. (32)

C

(b) C

G C

t = t1 D

h

Iθ̇2/2 CD

R sin θ

0 < t < t1
1

2
Iθ̇2 +RMg sin θ = E

t = 0 (29), (30), (32) t = t1 θ = π/2

E =
1

2
× 3

2
MR2 (3R− 2h)2

9R4
v2 +Mg(R− h), E =

1

2
Iθ̇2 +MgR,

2
1

2
Iθ̇2 =

M

12R2
(3R− 2h)2v2 −Mgh.

v

t � t1

v >
2R

√
3gh

3R− 2h
.

7.4-3

(a)

x, y

P G

(b)

Q P Q

P G θ

θ x

Mg

Q Fn

F

7.1-1

41

c =
3

8
R

GP =
5

8
R

I0 (7.47)

I0 =
83

320
MR2.

(X,Y ) (c) X = OQ − c sin θ = Rθ − c sin θ,

Y = R− c cos θ sin θ ≈ θ, cos θ ≈ 1

X =
5

8
Rθ, Y =

5

8
R.

x y :

MẌ = F, MŸ = Fn −Mg ⇒ 5

8
MRθ̈ = F, Fn = Mg. (33)

NFn NF

NFn =
3

8
RFnθ, NF =

5

8
RF.

θ −θ −θ̈

−I0θ̈ =
3

8
RFnθ +

5

8
RF. (34)

(33) (34) Fn F I0

− 83

320
MR2θ̈ =

3

8
RMgθ +

(
5

8
R

)2

Mθ̈, ⇒ θ̈ = − 15g

26R
θ.

T −ω2θ ω

T = 2π/ω

T = 2π

√
26R

15g
.

7.4-4

(a),(b) 7.26 C′

ϕ

Q C C′ (b)

vP P vC C

C,C′ ϕ θ (b)

ϕ > 0, θ > 0 ϕ0 = 0, θ0 = 0

0 C P

P,C

P y C

y P

(c) x

C x

P P C

42



P C r P

rP C rC

rP − rC = r. (35)

(c)
mrP +MrC

m+M
= 0.

rP =
M

M +m
r, rC = − m

M +m
r. (36)

r P ϕ θ (c)
−−→
CC′ =

R (cos θ, − sin θ)
−−→
C′P = R (− cos(ϕ− θ), − sin(ϕ− θ))

r =
−−→
CC′ +

−−→
C′P = R (cos θ − cos(ϕ− θ), − sin θ − sin(ϕ− θ)) (37)

ϕ θ

ϕ θ z

LC = MrC × vC

P LP = mrP × vP vC = ṙC, vP = ṙP

(36)

LC +LP =
Mm

M +m
r × ṙ

(37

ṙ = R
(
−θ̇ sin θ + (ϕ̇− θ̇) sin(ϕ− θ), −θ̇ cos θ − (ϕ̇− θ̇) cos(ϕ− θ)

)
−Iθ̇ez LC

ez z I

(b) θ > 0

2R M I = 2MR2 (7.42)

L z L

L = −Iθ̇ +
Mm

M +m
R2(ϕ̇− 2θ̇)(1− cosϕ)

L = 0 ⇒ −Iθ̇ +
Mm

M +m
R2(ϕ̇− 2θ̇)(1− cosϕ) = 0

θ̇

θ̇ =
MmR2

M+m ϕ̇(1− cosϕ)

I + 2MmR2

M+m (1− cosϕ)
I = 2MR2

7.3-2 t ϕ 0 2π

θ Δθ

C′ C

Δθ = π

(
1−

√
M +m

M + 3m

)
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7.5-1

M

� I ω

dϕ/dt (7.78)
dϕ

dt
=

Mg�

Iω
.

3

ϕ 3 2π
dϕ

dt
=

2π

3
s−1,

M = 62 g, � = 35mm, I = 2.8× 104 g mm2, g = 9.8m s−2

n ω = 2πn

n =
Mg�

2πIdϕ/dt
=

35mm× 62g× 9.8× 103mm s−2

2π × 2.8× 104g mm2 × 2π/3s−1
= 58 s−1,

3 58

7.6-1

7.6 (7.79) 7.31

(7.80) (7.81) (7.81) O A

A

A F1, R1 0 ,

Mg 1
2� sin θ − ,

B F2 � cos θ − ,

B R2 � sin θ + .

1

2
Mg� sin θ + F2� cos θ = R2� sin θ ⇒ R2 =

1

2
Mg + F2 cot θ.

(7.80)

F2 = R1

(7.81)

7.6-2

A B

AB C D

AC θ α

θ T h �

M

A
B

h

T

C

D

RC

RB
Mg

θ
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C B AB

0

RC cos θ − T = 0, RC sin θ −Mg +RB = 0. (38)

B 0

−RC
h

cos θ
+Mg

�

2
sin θ = 0. (39)

(39) RC RC = (Mg�/2h) sin θ cos θ (38) 1

T =
Mg�

2h
sin θ cos2 θ. (40)

(38) RB = Mg − T sin θ/ cos θ (40)

RB = Mg

(
1− � sin2 θ cos θ

2h

)

θ

(40) θ s = sin θ s(1− s2)

sin θ = 1/
√
3 2/3

√
3 AB h/

√
2 BC√

3/2h

D C BC√
3/2h < � < 2h � <

√
3/2h

D C

( θ C

θ = 0 � < 2h

D C � > h

7.6-3

Mg

mg R1

R2 F2 0

0 A,B

B x 2�

θ

0

R1 − F2 = 0, (M +m)g −R2 = 0 (41)

B 0

−2�R1 cos θ + (Mg�+mgx) sin θ = 0 (42)

B F2 < μR2

x

F2 = μR2. (43)

45

(41) F2 R2 R1 = (M +m)gμ (42)

−2(M +m)g�μ cos θ + (M�+mx) g sin θ = 0

mg�
x

�
= 2μ(1 +

M

m
) cot θ − M

m
(44)

x

0 � x � 2� 2

(44)

=
1

tan θ

(
M

m
(2μ− tan θ) + 2μ

)
1 θ tan θ < 2μ 2

μ > 0

(44) 2
1

tan θ

(
M

m
(2μ− tan θ) + 2μ

)
− 2 � 0, ⇒ (2μ− tan θ)

(
M

m
− 2

tan θ − μ

2μ− tanθ

)
� 0.

(tan θ−μ)/(2μ− tan θ) θ μ < tan θ < 2μ

1.
M

2m
>

tan θ − μ

2μ− tanθ
,

2.

x

x = �

(
2μ(1 +

M

m
) cot θ − M

m

)

8

8.1-1

(a) 4 b 2 (c) 2 (d)

(8.9) (8.6) 1 2 (8.4) ω0

a 2

8.1-2

x x

x = a cosωt

a a = 0.05m t ω
ω

2π
= 3600min−1

46



x

ẋ = −aω sinωt, ẍ = −aω2 cosωt

ω

2π
=

3600

60
s−1

|ẋ|max = aω = 0.05m× 2π × 60s−1 = 18.8 m/s

|ẍ|max = aω2 = 0.05m× (2π × 60s−1
)2

= 7.1× 103m/s2

8.1-3

4 1 4 1

4 1 k = 20000×4N/m = 80000N/m

m = (1200+240)kg =

1440kg

(a)

ω0 ν

ν =
ω0

2π
=

1

2π

√
k

m
=

1

2π

√
80000N/m

1440kg
= 1.19 s−1

(b) T = 1/ν
2

ν
= 1.68 s

8.1-4(a)

�0

mg = k(�− �0),

47

� = �0 +
mg

k
.

x x

−kx

mẍ = mg − kx

−k(x−mg/k)

x u = x− mg

k
ü = ẍ

mü = −ku

ω

ω =

√
k

m
.

mg �0 �

k(�− �0)

u −ku

8.1-4(b)

8.5(a) 2

1/2 2

(a) k 2k ω

ω =

√
2k

m
.

8.5(b) 2 1

(i)

(ii)

(iii)

1

2 2

1/2

(a) k k/2 ω

ω =

√
k

2m
.

8.5(a) 8.1-3 4 2

(a) 8.5(b)
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8.2-1

(8.29)

x(t) = c1 exp [−(λ− κ)t] + c2 exp [−(λ+ κ)t)]

ẋ(t) = −(λ− κ)c1 exp [−(λ− κ)t]− (λ+ κ)c2 exp [−(λ+ κ)t]

x(0) = 0 ẋ(0) = v0

c1 + c2 = 0, − (λ− κ)c1 − (λ+ κ)c2 = v0

c1, c2

c1 =
v0
2κ

, c2 = − v0
2κ

,

x(t) =
v0
2κ

e−λt(eκt − e−κt)

x(t) ≥ 0 ( t = 0 ).

t e−λt t = 0 0 t > 0

eκt − e−κt λ > κ t 0

x(t) t = 0 0

8.6(b)

t0 ẋ(t0) = 0 ẋ(t) c1, c2

ẋ(t0) = 0

t0 =
1

2κ
ln

λ+ κ

λ− κ
ω0t0/2π λ = 1.5ω0

κ =
√

λ2 − ω2
0 κ = ω0

√
1.52 − 1

ω0t0
2π

= 0.14

8.2-2

k m a

g mg = ka m = 0.10 kg a = 0.05 m g = 9.80 m/s2

k =
mg

a
=

0.10kg× 9.80m/s2

0.05m
= 19.6kg/s2 = 19.6N/m.

(a) 1 e−λt t = 60 s 1/2

e−λ×60s =
1

2

49

λ = − 1

60s
ln

1

2
=

1

60s
ln 2 = 0.0116 s−1 (45)

λ = γ/2m γ

γ = 2mλ =
2× 0.10kg

60s
ln 2 = 2.3× 10−3kg/s = 2.3× 10−3N s/m.

(b) γ x(t)

λ ω0

ω0 =

√
k

m
=

√
19.6 kg/s2

0.10kg
= 14 s−1. (46)

(a) λ = 0.0116 s−1 λ < ω0

x(t) x

ẍ− 2λẋ+ ω0
2x = g

ka = mg k = mω0
2

g = ω0
2a y

y = x− a ⇒ ÿ − 2λẏ + ω0
2y = 0 (47)

8.25

y = e−λt(c1 cosωt+ c2 sinωt), ω =
√

ω2
0 − λ2,

c1.c2

t = 0 y = −a, ẏ = 0

c1 = −a, c2 = −λ

ω
a

y(t) (47) x(t)

x = a(1− e−λt(cosωt+
λ

ω
sinωt)). (48)

(45) (46) λ � ω0

(48)

ω =
√

ω2
0 − λ2 ≈ ω0 = 14 s−1 cosωt+ (λ/ω) sinωt ≈ cosωt

x

x = a(1− e−λt cosωt) a = 0.05m, λ = 0.0116 s−1, ω = 14 s−1.

8.2-3

(1) x = a

a � μmg/k kx � μmg

a > μmg/k

mẍ = −kx+ μ′mg.

−ky y y

mÿ = −ky, x =
μ′mg

k
+ y.

x t = 0 x = a ẋ = 0 y t = 0 y = a− μ′mg/k, ẏ = 0

x

50



x =
μ′mg

k
+

(
a− μ′mg

k

)
cosωt, ω2 = k/m.

ẋ < 0 ẋ = 0 cosωt = −1

(2) x = −a+ 2μ′mg/k

a � 2μ′mg/k x � 0 a > μmg/k μ′ � μ

μmg kx

2μ′mg/k < a � μmg/k + 2μ′mg/k a − 2μ′mg/k � μmg/k

k|x| � μmg

a > μmg/k + 2μ′mg/k

mẍ = −kx− μ′mg.

x = −μ′mg/k + y cos(ωt) = −1

y = −a+ 3μ′mg/k

x = −μ′mg

k
+

(
a− 3μ′mg

k

)
cosωt.

ẋ > 0 ẋ = 0 cosωt = 1

(3) 2 x = a− 4μ′mg/k

a � 4μ′mg/k x � 0 a > μmg/k + 2μ′mg/k μ′ � μ

μmg −kx

(1)

4μ′mg/k < a � μmg/k + 4μ′mg/k kx � μmg

a > μmg/k + 4μ′mg/k

a

an =
(μ+ 2nμ′)mg

k
n = 0, 1, 2 · · ·

a

an−1 < a � an, a−1 = 0 ,

n 0

xn

xn = (−1)n
(
a− 2nμ′mg

k

)
.

8.2-4

ẍ+2λẋ+ω0
2 = 0 λ = ω x = (a+(v+λa)t)e−λt

a > 0 v+ λa < 0 x(t) x(0) > 0 v < 0

0 x = 0
8.3-1

x = c cos (Ωt+ δ)

c(Ω) =
f

m

1√
(ω2

0 − Ω2)2 + 4Ω2λ2

Ω 8.8 λ/ω0 c(Ω)

c′(Ω) 0 Ω

51

t1, t2, t3

x 0

x(t1) = 0, ẋ(t2) = 0, ẍ(t3) = 0

t1 =
a

|v| − λa
, t2 =

|v|
λ(|v| − λa)

, t3 =
2|v| − λa

λ(|v| − λa)
.

xm =

(
a− |v|

λ

)
e−λt2 .

c′(Ω) =
f

m

2Ω(ω2
0 − 2λ2 − Ω2)(

(ω2
0 − Ω2)2 + 4Ω2λ2

)3/2
ω2
0 − 2λ2 > 0 Ω

c′(Ω) > 0 Ω2 < ω2
0 − 2λ2

c′(Ω) < 0 Ω2 > ω2
0 − 2λ2

Ω =
√

ω2
0 − 2λ2 c(Ω) Ω

cmax =
f

2mλ
√

ω2
0 − λ2

ω2
0 − 2λ2 < 0

c′(Ω) < 0 c(Ω) Ω = 0 Ω Ω → ∞
0

8.3-2

ẍ+ ω2
0x =

f

m
cosω0t

x(t)

a

x = at sinω0t

ẋ = a sinω0t+ aω0t cosω0t,

ẍ = 2a cosω0t− aω2
0t sinωt

2aω0 cosω0t− aω2
0t sinω0t+ ω2

0at sinω0t =
f

m
cosω0t

a

a =
f

2mω0

Lagrange
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2 2

sinω0t cosω0t 1

t

2 u1(t), u2(t)

x(t) = u1(t) cosω0t+ u2(t) sinω0t

x(t)

ü1 cosω0t+ ü2 sinω0t+ 2ω0(−u̇1 sinω0t+ u̇2 cosω0t) =
f

m
cosω0t (49)

u1(t), u2(t)

u̇1 cosω0t+ u̇2 sinω0t = 0 (50)

(49) 2

− u̇1 sinω0t+ u̇2 cosω0t =
f

mω0
cosω0t (51)

(50),(51) u1(t), u2(t) 1

c1, c2

x(t) =
f

2mω0
t sinω0t+ c1 cosω0t+ c2 sinω0t

(50

u1(t) = 0 u2(t) (50)

(8.45)

(8.44) Ω → ω0

Ω ω0

8.3-3

(a) (8.49) (8.39) c1, c2 (8.49)

x(t) 1 2

x = c1 cosΩt+ c2 sinΩt

ẋ = −Ωc1 sinΩt+Ωc2 cosΩt

ẍ = −Ω2c1 cosΩt− Ω2c2 sinΩt

(8.39)

ẍ+ 2λẋ+ ω2x =
f

m
cosΩt

(−Ω2c1 + 2λΩc2 + ω2
0c1
)
cosΩt+

(−Ω2c2 − 2λΩc1 + ω2c2
)
sinΩt =

f

m
cosΩt

t cosΩt sinΩt

(−Ω2 + ω2
0

)
c1 + 2λΩc2 =

f

m
, −2λΩc1 +

(−Ω2 + ω2
0

)
c2 = 0

c1, c2

53

c1 =
f

m

ω2
0 − Ω2

(ω2
0 − Ω2)2 + (2λΩ)2

, c2 =
f

m

2λΩ

(ω2
0 − Ω2)2 + (2λΩ)2

(b) (a) x = c1 cosΩt+ c2 sinΩt c cos (ωt+ δ)

c1 cosΩt+ c2 sinΩt = c cos δ cosΩt− c sin δ sinΩt

c1 = c cos δ, c2 = −c sin δ c21 + c22 = c2,
c2
c1

= − tan δ

(a)

c2 =

(
f

m

)2 (ω2
0 − Ω2)2 + (2λΩ)2(

(ω2
0 − Ω2)2 + (2λΩ)2

)2

c =
f

m

1√
(ω2

0 − Ω2)2 + (2λΩ)2
, tan δ = − 2λΩ

ω2
0 − Ω2

(8.41)

8.3-4

(a) u u xP

−k(u− xP) xP

mü = −ku+ kA cosΩt

u

ü+ ω2
0u =

f

m
cosΩt ω0 =

√
k

m
, f = kA

(b) (8.44)

a, α

u = a cos (ω0t+ α) +
f

m(ω2
0 − Ω2)

cosΩt

(c) u u̇ (b) Ω = 2ω0

2 − f

3mω2
0

f ω0

u(t) = a cos (ω0t+ α)− A

3
cos 2ω0t, u̇(t) = −aω0 sin (ω0t+ α) +

2A

3
ω0 sin 2ω0t

u(0) = 0, u̇(0) = 0

a cosα−A/3 = 0, −aω0 sinα = 0

α = 0 a =
A

3
u(t) =

A

3
cosω0t− A

3
cos 2ω0t

ω0 2 P

P P 2

4 T = 2π/ω0
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0 

A/4 

u 

-2A/3 

t T T/2 

4: 2

Ω ω0

P A u

2A/3

8.3-5

(a) 8.1-2 x

(8.20) P

P x x

u = x− xP 8.1-2

x Fx = −mgu/� xP = A cosΩt

mẍ = −mg

�
(x−A cosΩt)

x

ẍ+
g

�
x =

gA

�
cosΩt

ω0 =
√

g/� f = mgA/�

ẍ+ ω2
0 =

f

m
cosΩt

(8.39) λ = 0

ω

f

(b) (a) −γẋ 8.2

λ = γ/2m x(t)

ẍ+ 2λẋ+ ω2
0x =

f

m
cosΩt.

P f = 0

λ f = 0 (8.29)

a, α

55

x(t) = ae−λt cos (ω0t+ α)

5 t 2π/ω0 5 t

1/2

exp

(
−λ

2π

ω0
× 5

)
=

1

2
λ =

ω0

10π
ln 2 = 0.022 ω0.

P

Ω

8.3-1 (8.47) x = c cosΩt

(8.43)

c � f

2mω0

√
(Ω− ω0)2 + λ2

Ω = ω0

c =
f

2mω0λ

(a) f f = mgA/� = mω2
0A

λ ω0

c =
Aω0

2λ
=

5π

ln 2
A.

c

A
=

5π

ln 2
= 23

8.3-4

8.4-1

(a) 1 x1 x0 1 x1 − x0

1 −k(x1 − x0) 2

mẍ1 = −k(x1 − x0), mẍ2 = −k(x2 − x0). (52)

(b) 0

−λx0

k(x1 − x0), k(x2 − x0)
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0 = −λx0 + k(x1 − x0) + k(x2 − x0)

x0 =
k

2k + λ
(x1 + x2) (53)

(c) 2 x, X

x = x1 − x2, X = x1 + x2. (54)

(52) 2

mẍ = −kx (55)

(52) 2

mẌ = −k(X − 2x0), ⇒ mẌ = − kλ

2k + λ
X (56)

x0 (53)

x X

x : ω0 =

√
k

m
, X = 0 x1 = −x2

X : ω1 =

√
kλ

m(2k + λ)
x = 0 x1 = x2 .

(d) (i) x (ii) X 1/4

(i) 2 (ii) 2

2 ω0 > ω1 2

8.11 8.12

8.4-2

(a)

x1 = aθ + �ϕ1, x2 = aθ + �ϕ2.

sin θ ≈ θ

1 ϕ1 −mg sinϕ1 −mgϕ1

2

57

m(aθ̈ + �ϕ̈1) = −mgϕ1, m(aθ̈ + �ϕ̈2) = −mgϕ2. (57)

(b) T

T = mg

θ −Tθ× 2

θ Tϕ1 + Tϕ2 0

−2mgθ +mgϕ1 +mgϕ2 = 0, ⇒ θ =
ϕ1 + ϕ2

2
. (58)

(c) ϕ = ϕ1 − ϕ2 θ (57) 2

m�ϕ̈ = −mgϕ. (59)

(57) 2

m(a+ �)θ̈ = −mgθ. (60)

ϕ θ

ϕ : ω0 =
√

g/�, θ = 0 ϕ1 = −ϕ2

θ : ω1 =
√

g/(a+ �) ϕ = 0 ϕ1 = ϕ2

(d) (i) ϕ

2

(ii) θ 2

ϕ1 = ϕ2 θ =

ϕ1 = ϕ2

2 ω0 > ω1 2

8.4-1

9

9.1-1

τ v0

α

α =
v0
τ

mg mα
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�

θ

τ α

θ = 0 θ = π/2 W1

W1 = −mg�

W2

W2 = mα�

W1 + W2

W1 + W2

W1 +W2 � 0 α− g � 0

W1 +W2 = 0 α αc αc = g τ τc

v0/τc = g τ > τc α < g ⇒ W1 +W2 < 0

τ

τc

τc =
v0
g
.

θ

v

1.

�(1− cos θ)

W1(θ) = −mg�(1− cos θ).

2.

� sin θ

mg mα

W2(θ) = mα� sin θ.

3. W1 +W2 = mv2/2

−mg�(1− cos θ) +mα sin θ =
1

2
mv2

θ v θ

4. θ = 0 0 θ

θ

tan θ =
α

g
v

v v > 0 v = 0 θ 0 < θ < π/2

α < g v = 0 θ θ

α � g v = 0 θ π/2
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9.2-1

A OA

θ

B

B O′

B O′

B O′

a sin θ

−−→
O′B F m

a sin θ ω m(a sin θ)ω2

( B

θ

−mg sin θ, F = maω2 sin θ cos θ

(−mg +maω2 cos θ) sin θ = 0 ⇒ cos θ =
g

aω2

| cos θ| � 1 g > aω2 g � aω2

ωc

ω � ωc ωc =

√
g

a
.

ω < ωc θ

A

9.3-1

(9.17)

ẋ = ẋ′ cosωt− x′ω sinωt− ẏ′ sinωt− y′ω cosωt, (61)

ẏ = ẋ′ sinωt+ x′ω cosωt+ ẏ′ cosωt− y′ω sinωt, (62)

ż = ż′. (63)

(9.35) (9.36) (9.37)

(9.25) 2 ωez × r ez = ez′

ωez × r = ωez′ × (x′ex′ + y′ey′ + z′ez′) = ω(−y′ex′ + x′ey′).

(9.25) 1 (9.22) 2 (9.25)

v = (ẋ′ − ωy′)ex′ + (ẏ′ + ωx′)ey′ + ż′ez′ .

(9.19) ex, ey, ez ẋex + ẏey + żez x, y, z

(9.35) (9.36) (9.37) (9.35) (9.36) (9.37)
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S v S′ v′

9.25

(61), (62), (63) 9.25

ẋ = (ẋ′ cosωt− ẏ′ sinωt)− ω(x′ sinωt+ y′ cosωt) ⇒ vx = v′x − ωy, (64)

ẏ = (ẋ′ sinωt+ ẏ′ cosωt) + ω(x′ cosωt− y′ sinωt) ⇒ vy = v′y + ωx, (65)

ż = ż′ ⇒ vz = v′z, (66)

(ẋ, ẏ, ż) = (vx, vy, vz)

(ẋ′, ẏ′, ż′) = (v′x′ , v′y′ , v′z′)

v′x = v′x′ cosωt− v′y′ sinωt, v′y = v′x′ sinωt+ v′y′ cosωt, v′z = v′z′

9.17 (64), (65) 2

9.17

(64), (65), (66) 9.25 x, y, z

9.3-2

(9.35) (9.36) (9.37)

ẍ = (ẍ′ − ωẏ′) cosωt− (ẋ′ − ωy′)ω sinωt− (ÿ′ + ωẋ′) sinωt− (ẏ′ + ωx′)ω cosωt, (67)

ÿ = (ẍ′ − ωẏ′) sinωt+ (ẋ′ − ωy′)ω cosωt+ (ÿ′ + ωẋ′) cosωt− (ẏ′ + ωx′)ω sinωt, (68)

z̈ = z̈′. (69)

(9.38) (9.39) (9.40)

(9.30) 2 2ωez × v′ ez = ez′

2ωez × v′ = 2ωez′ × (ẋ′ex′ + ẏ′ey′ + ż′ez′) = 2ω(−ẏ′ex′ + ẋ′ey′).

3

ω2ez × (ez × r) = ω2ez′ × (x′ey′ − y′ex′) = −ω2(x′ex′ + y′ey′)

(9.30)

a = (ẍ′ − 2ωẏ′ − ω2x′)ex′ + (ÿ′ + 2ωẋ′ − ω2y′)ey′ + z̈′ez′

(9.19) ex, ey, ez ẍex+ ÿey+ z̈ez x, y, z

(9.38) (9.39) (9.40) (9.35) (9.36) (9.37)

S a S′ a′

9.30

(67), (68), (69) 9.30

ẍ = (ẍ′ cosωt− ÿ′ sinωt)− 2ω(ẋ′ sinωt+ ẏ′ cosωt)− ω2(x′ cosωt− y′ sinωt), (70)

ÿ = (ẍ′ sinωt+ ÿ′ cosωt) + 2ω(ẋ′ cosωt− ẏ′ sinωt)− ω2(x′ sinωt+ y′ cosωt), (71)

z̈ = z̈′. (72)

(ẍ, ÿ, z̈) = (ax, ay, az) (ẍ′, ÿ′, z̈′) =
(a′x′ , a′y′ , a′z′) (ẋ′, ẏ′, ż′) = (v′x′ , v′y′ , v′z′)

a′x = a′x′ cosωt− a′y′ sinωt, a′y = a′x′ sinωt+ a′y′ cosωt, a′z = a′z′

61

v′x = v′x′ cosωt− v′y′ sinωt, v′y = v′x′ sinωt+ v′y′ cosωt, v′z = v′z′

9.17 3 9.17

ax = a′x − 2ωv′y − ω2x, (73)

ay = a′y + 2ωv′x − ω2y, (74)

az = a′z. (75)

(73), (74), (75) 9.30 x, y, z

9.4-1

9.4-2 u x′y′z
9.4-2 φ

v̇x′ , v̇z cosα cosφ v̇y′ 2mωvz cosα sinφ

v̇z −2mωvy′ cosα sinφ

x′ (9.59) x 1 cosα 2 cos θ sinα − sin θ cosα

cosα cosφ y′ (9.58) y z (9.58)

z y′ v0 = 0 θ = π/2

−1
3gωt

3 cosα sinφ + v0ωt
2 sin θ cosα sinφ z v0 = 0 θ = 0

−ωv0t
2 cosα cos θ sinφ v0 = 0

9.4-2

9.4-2 θ = 0

z = −1
2gt

2 x = 1
3gωt

3 cosα+ v0ωt
2 sinα t g = 9.8m/s2

(9.42) ω α = 35◦

9.4-3

9.11 O h 9.4-2 x = 1
3gωt

3 cosα

z = −1
2gt

2 α = 0 z = −h

d x = d t

d =
2h

3

√
2hω2

g

h, ω, g d d ≈ 35cm

9.4-2

x z

y

y v

FC = 2mωv× ez x
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t y v y

v = gt ⇒ y =
1

2
gt2.

x vx x

FC = 2mωgt ⇒ vx = ωgt2 ⇒ x =
1

3
ωgt3.

y = h t =
√

2h/g x = d

d =
2hω

3

√
2h

g

9.4-4

9.4-2

y = 0 z = v0t− 1
2gt

2 x = 1
3gωt

3 cosα− v0ωt
2 cosα θ = π/2

t > 0 z = 0 t x d d = −4
3ωv0

3 cosα/g2

α = 0, v0 = 100m/s g ω 1.0m

9.5-1

(9.64 F

9.5-2

Ftd/Ftd = (M /M )(L /L )3 ≈ 0.46
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